We study anti-self-dual hermitian surfaces with odd first Betti number. We show that the twistor space of a Hopf surface M has algebraic dimension 2, and we prove existence of half-conformally-flat metrics on the connected sum of copies of M and CP2 . Finally we emphasize some differences with the case bx even.
Introduction
In this work we continue our study of complex surfaces M with anti-self-dual hermitian metric h and twistor space Z , by considering the case in which M is compact and bx (M) is odd. For topological reasons then, M cannot admit a Kahler metric, however, it was shown in [BJ and [P2] that the universal cover M has a Kahler metric of zero scalar curvature which is globally conformai to the lifted metric h . That is, (M, h) is locally conformai to a Kahler metric of zero scalar curvature, in particular (M, h) is l.c.k. in the notation of I. Vaisman.
Examples. All known examples of compact anti-self-dual hermitian surfaces (a.s.d.h.s.) ofnon-Kähler type (i.e. bx(M) odd), are the following:
( 1 ) A Hopf surface M with its standard conformally flat metric. This is 2 2 the quotient of Ct = C \ {0} by the group of conformai isometries generated by the map (zx, z2) •-» (azx, bz2) where a and b are complex numbers satisfying |a| = |o|^0, 1. Ai is diffeomorphic to S1 x S _ 2 2
and the metric h = (dz <g> dz) / \\z\\ of C descends to a conformally flat hermitian metric on M. (2) Recently LeBrun [L] has explicitly constructed anti-self-dual hermitian metrics on the blow up of a Hopf surface at any number of points lying on a divisor and on some complex deformations of these surfaces. These metrics are not conformally flat because the signature of the manifold is nonzero.
If we now look at the twistor fibration t : Z -► M over M, we have that Z is a compact complex 3-manifold, furthermore (see also [P2] ) the integrable almost complex structures J and -J on M, define an effective divisor X = X + Z of Z. If cr : Z -► Z denotes the real structure of Z, then a(X) = ctÇL+I) = I+S = X. So that X is a -invariant, and the associated holomorphic line bundle [X] is called a real bundle.
As proved in [B,] , if (M, h) is a compact a.s.d.h.s. with odd first Betti number, there is a hermitian metric in the conformai class of h with scalar curvature R which is strictly positive almost everywhere. As the twistor construction and all the other properties of M that we will consider are conformally invariant, we will assume from now on that h has positive scalar curvature.
We proved in [P2] that when M is compact and the first Betti number of M -112 is odd, [X] = K ' ® F. Here K denotes the canonical line bundle of Z , whose sections are the holomorphic 3-forms, and we recall that it always admits a holomorphic square root K1' . On the other hand F is a holomorphic line bundle on Z with zero Chern class but never trivial. More precisely, we can describe F in the following way:
Proposition 1.1. The holomorphic line bundle F is the pull-back via t of a complex line bundle E on M with a flat connection which however is never hermitian.
Proof. The first part of the statement is an immediate consequence of the socalled Ward correspondence [AHS, Theorem 5.2] which says that the reality of F implies that F -t*E where E is a complex line bundle on M with an anti-self-dual connection D. However, by the naturality of Chern classes 0 = cx(F) = t*cx(E) ; but f : H*(M, R) -> H*(Z, R) is injective by the LerayHirsch theorem, and so cx (E) = 0 as well. It follows that the de Rham class of the curvature a of D is 0, but then a = 0 by Hodge theory, because being closed and anti-self-dual a is also harmonic. It remains to see that D is not a hermitian connection. This is proved by contradiction: suppose it is and consider the following exact sequence of sheaves on Z given by restricting to X the sheaf of holomorphic functions tfz : 0 -* KX/2F~X -+ cfz -* 0X -> 0 .
As the scalar curvature of h is assumed to be positive, when D is hermitian one has H (Z, K ' F~ ) = 0 by a vanishing theorem of Hitchin [H, , Corollary 3.8] . This leads to a contradiction because the restriction map H (Z ,cfz) -> H (X, cfx) cannot be onto since X has twice as many connected components as Z. D Notice that the above can only happen because M is non-Kähler. Using the same techniques as before, we have: Proposition 1.2. The complex line bundle E on M is holomorphic and does not admit nonzero global holomorphic sections. Another consequence along the same lines is that the Hopf surface is the only hyperhermitian compact surface which is not hyper-Kähler, a fact also proved in [B2] . This is because when M is hyperhermitian the natural map px : Z -> CP¡ is holomorphic with I asa fiber, so the normal bundle must again be trivial.
Let nates z = (z,, z2) and hermitian metric h = \\z\\ (dzx®dz~x+dz2®d~z2). Fix a complex number X with \X\ ^ 0, 1, the infinite cyclic group of holomorphic isometries A := {z h X"z : n £ Z} c GL(2, C) acts properly discontinuosly and without fixed points on C2. We can then consider the quotient manifold Hx := Ct/A with the induced metric h . Hx is a complex surface homeomorphic to S x S , called a Hopf surface. As (Ct, h) and (Hx, h) are both conformally flat, let W and Z be their respective twistor spaces.
To describe W, we think of C" as (S \{0, oc}). Since h is also conformally flat, their twistor spaces coincide, and W is the open set (CP3\{L0 U 1^}) ; where L0 and Lx are the twistor lines above 0 and co in S4.
As A acts on HP, = S by conformai isometries: q *-* Xnq , it also acts on CP3 by biholomorphisms, see [P,]:
A acts freely on W, and Z = W/A is the twistor space of Hx . of CP3, and therefore Z inherits the real structure of the twistor space CP3.
Furthermore the map px : Z -► CP, is still well defined for X £ C. This is just the fact proved in [B2] that the twistor space of a hyperhermitian surface fibers holomorphically over CP, .
It is also clear from the above description that Z is diffeomorphic to the product of spheres S1 x S x S .
If V is an arbitrary complex manifold, we will denote by Qv the sheaf of sections of its holomorphic tangent bundle. In what follows we let M be the Hopf surface Hx with X real and Z be its twistor space, using the fibration we described before we now compute the cohomology of ©z and derive some consequences.
It is well known that i, " Í C4 for/= 0,1, h (M,eM )*\ M \ 0 otherwise.
In fact this result can be shown using the same techniques we use in the proof of the following: This says that Ep2'q = Epxq and Fp'q = Fpxq . The result finally follows by using the exact sequence (2.5) and noticing that the global holomorphic vector fields on Z are:
The algebraic dimension a(V) of a complex manifold V is defined to be the transcendence degree over C of the field of meromorphic functions on V, minus 1 . So that, for example, a(V) = 0 means that the only meromorphic functions on V are the constants. When V is compact, one has the following theorem of Moishézon: a(V) < dimcV with equality if and only if V can be blown up to an algebraic manifold. When the equality is satisfied, V is called a Moishézon space and by the theorem it has Hodge symmetries: hp(V, Qq) = hq(V, Çf).
As a corollary of the last proof we then have: Theorem 2.6. The algebraic dimension of the twistor space Z of the Hopf surface M considered above, is equal to 2. Proof. The holomorphic fibration p : Z -► CP, x CP, , shows that a(Z) > 2. On the other hand a(Z) < 2 because in the course of the previous proof we have shown that h\z, cf ) -1, while all global holomorphic 1-forms are zero on any twistor space [H2] . This shows that Z does not admit Hodge symmetries and therefore cannot be Moishézon. D Notice that in fact hl(Z , cf) = bx(M) = 1 for any compact a.s.d.h.s. M of non-Kähler type, so that by the results of [Pn3] the twistor space of a compact a.s.d.h.s. can never be Moishézon.
To conclude this section let A#B indicate the connected sum of the two manifolds A and B. As a result of some new techniques of S. Donaldson and R. Friedman, another corollary of the last proposition is the following: Theorem 2.7. For any natural numbers p and q the manifold admits self-dual metrics, while (#p=x M)(#q=xCF2) admits anti-self-dual metrics.
Proof. This is a direct consequence of [DF, Theorem 6 .1 and Proposition 6.2]. In fact we have shown that H (Z, 0) = 0 for the Hopf surface, while it is well known that the twistor space of CP2 is the flag manifold Fx 2 c CP2 x CP2 and that H2(FX 2,&) = 0. O The fact that (S1 x S )#CP2 admits self-dual metrics has also been proved in [DF] and [F] using different methods.
Structural differences
We start this section by noticing that the twistor space of the Hopf surface above, is the first example of a compact twistor space with algebraic dimension 2, [Pn2, Pn3, DF] . Furthermore it is the twistor space of a hermitian anti-self-dual surface. In this section we want to consider some holomorphic properties of this example which we think are useful to understand the difference in character between compact a.s.d.h.s. of Kahler and non-Kähler type.
To do this we first introduce some notation: N will denote a compact a.s.d.h.s. with even first Betti number and twistor space W, while Y <z W will denote the natural real divisor defined by the complex structure of A^. We will compare the holomorphic properties of N and W with the ones of the Hopf surface M and its twistor space Z .
Let then p : Z -* CP, x CP, be the holomorphic map described in §2 and recall that all holomorphic line bundles on CP, x CP, are of the form cp,xcp,(m' ")' forsome ™,n£Z\ where (fcv¡xCPi(m, 0) and cfcr¡xCP](0, m) denote the pull-back of the holomorphic line bundle of Chern class m on the first and second CP,-factor, respectively. By tfz(m, n) we will then denote the pull-back bundle p*(cfcv xCP (m, n)).
Using this notation and the previous discussion one has, for example, that
[X] = cfz(2,0) while K~l/2 =cfz(l, 1) and F =cfz(l, -1). In fact one can also check that the Chern class of cfz ( 1, -1 ) vanishes by intersecting with any twistor line. Furthermore the normal bundle vz = (cfz(2,0)), is trivial, and E := (cfz(l, -1)), = A^2. As it is easy to see that the complex line bundle C <g> L of § 1 is isomorphic to KM when M is the Hopf surface, we also have L = E2 in this case.
In general, given a holomorphic line bundle G -* V over a compact complex manifold V, one can produce meromorphic functions on V by taking the quotient of two holomorphic sections of G. Then one can set the Kodaira dimension k(V, G) of G tobe -co if no positive tensor power of G admits global holomorphic sections; otherwise k(V, G) + 1 equals the transcendence degree over C of the field of meromorphic functions generated by taking quotients of holomorphic sections of positive powers of G. For example k(V, G) = 0 if and only if the linear system m\G\ consists of exactly one divisor for some m positive, and is trivial otherwise. It is also clear that k(V, G) < a(V). Finally, when A denotes the canonical line bundle of V, k(V, A) is called the Kodaira dimension of V and is a bimeromorphic invariant. Proof. k(Z, [X]) = k(Z,cfz(2, 0)) = k{CPl, t?cv(2)) = 1 . While k(Z,K~l) = k(Z,cfz(2, 2) = /c(CP, x CP,, cfcr¡xCfi(2, 2)) = 2 . O Remark 3.2. The projection px : Z -> CP, on the first factor, comes from the hyperhermitian structure of the Hopf surface [B2] . The same is true for the twistor space of a hyper-Kähler surface, i.e. a torus or a A3 surface; in the hyper-Kähler case however, the canonical bundle A of the twistor space is the the pull back of cf£f (-4) ; we show this is not valid in the hyperhermitian case:
Kz^cfz(-2,-2)^cfz(-4,Q)^p\(cfC¥(-4)).
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Finally we want to spend a word on deformations.
Remark 3.3. When (N, h) is an a.s.d.h.s. with bx(N) even, the metric h can be assumed to be Kahler with zero scalar curvature, in particular h is an extremal Kahler metric in the sense of Calabi. It was shown in [C] then that any small deformation Nt of the complex structure of N admits such a Kahler metric, i.e. an a.s.d.h. metric ht.
For the Hopf surface the situation is different. To show this we consider 1 ^ 2 complex structures on 5 x S . These are gotten by taking the quotient of Ct by an infinite cyclic group F of biholomorphisms acting freely. Let H = Ct / T be such a complex surface and consider the question of finding an a.s.d.h. metric on H. Of course, since the signature x(H) = 0, any such metric has to be conformally flat and therefore its universal covering is C2 with the standard conformai structure. It easily follows from this then, that H is an a.s.d.h.s. if and only if F is generated by an element y : (z, w) *-> (az, bw) where a, b £ C satisfy 0<|a| = |e|<l. This says that the moduli space of such metrics on S1 x S3 is S1 x S1 x (0, 1) ; but it also says that if we take a deformation Mt -C2 /(yt) of the standard Hopf surface M -M0 -C2 /(y0), where y0(z, w) = (az, aw), which is given by yt = (az + tw , aw) ; the only element with a a.s.d.h. metric will be M0. When / ^ 0 one has a complex 1 3 structure on S x S which does not admit any a.s.d.h. metric.
